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Abstract 
The present work applies the matrix method formalism in conjunction with a simulated annealing algorithm with the aim to 
design acoustical structures, especially acoustic filters. Numerical computations have been carried out to design some special 
acoustic filters and an experimental analysis of the designed acoustic filters is provided, to test the validity of the method.
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1. Introduction 
Problems of elastic wave propagation in multilayered media are solved by considering each layer to be 
homogeneous [1]. In the transfer matrix formalism, the solution is given as a product of the vector of input 
amplitudes and a transfer matrix, which is built from the propagation and discontinuity matrices of each layer. The 
analytic dependence of the final solution on the layer parameters is quite complex. It follows that building a given 
filter with a multilayered medium is quite a complex task and it may be approached with a stochastic optimizing 
algorithm like the simulated annealing algorithm. 
2. Simulated annealing and transfer matrix 
2.1. Simulated annealing algorithm 
Simulated annealing (SA) algorithm represents a useful tool in finding the global optimization of a function 
depending of many parameters. The name of the algorithm comes from the method of metal annealing, which 
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r
assumes small steps in temperature and long time spending in the vicinity of the phase transition temperature of a 
solid.
In the case of annealing, if we suppose that the atoms of the metal sample are defined by a set of atomic positions
i , the probability to have a thermodinamic state of energy iE( r )  at a given temperature T is expressed by
Boltzmann probability i i . The  final equilibrium state of the sample will be a state which
corresponds to a minimum of the  total energy.
P( r ) exp{ E( r ) / kT  }
It is possible to consider the evolution of the solid to the equilibrium state as a succesion of states, for which the 
difference between the corresponding energies satisfy the condition E 0'  , each energy corresponding to an 
admitted spatial conuration i j( r . . The whole process can be considered as an iterative process in which there
are accepted only states which lower the system’s energy. If  the condition
), ( r ), ..
E 0' d  for two succesive states is valid, 
the new configuration is accepted and  will be used as starting point of the next step in the transition process of the
sample to the final equilibrium state. Because during the process the energy can have some local minima, it is
possible that the evolution gets stuck in a local minimum and since we look for a global minimum(optimisation), to
avoid the interruption of the global process we can carry out the process several times, starting from different
randomly generated configurations and save the best result[1]. The case E 0' ! will be approached
probabilistically by introducing the transition probability between two configuration states 
. This probability will be compared with a random generated number uniformly
distributed in the interval (0,1). If it is less than
P( E ) exp{ E / kT'   }'
P( E )' , the new configuration is accepted and retained, if not the
original configuration is used to start the next step[2]. This step confers the stochastic character to the algorithm.
In the general case, in place of the energy the simulated annealing algorithm uses a cost function, which depends
on the defined configuration parameters  ix  and starting from a given configuration, looks for a final
configuration, following the global optimisation procedure at a given temperature parameter. This temperature
parameter in the new context becomes a control parameter, which has the same units as the cost function. The
temperature parameter is lowered by slow stages until the system “freezes”and no further changes occur. 
2.2. Transfer matrix formalism
For a multilayered medium with n layers and one-dimensional propagation, each layer is characterized by an
acoustic impedance Z, a thickness a and a speed of sound c. The transfer matrix describes the passing of a wave
through the medium with respect to its Fourier amplitudes and is a consequence of the boundary conditions.  If in
is the amplitude of the wave component at the input, in  the amplitude of the reflected wave at the input, out  the
amplitude of the transmitted wave and  the amplitude of the wave that is reflected back at the exit, the transfer
matrix applies as:
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It should be noted that the amplitudes generally have complex values and they are functions of the angular
frequency Z  of the wave. The transfer matrix can be obtained as a product of two types of matrices: the
discontinuity matrix and the propagation matrix. If we consider two media of impedances 1Z  and 2  respectively,
the transmission of a longitudinal wave through the frontier is described by the discontinuity matrix [3]:
Z
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The transmission through a layer of thickness a and sound speed c is described by the propagation matrix:
i aexp 0
c
P
i a0 exp
c
Z
Z
§ ·§ ·
¨ ¸¨ ¸© ¹¨ ¨ § ·¨ ¸¨ ¸¨ ¸© ¹© ¹
¸
¸
a
c
. (3)
In the case of a multilayered medium with n  layers, where layer i  has impedance i , width i  and speed of 
sound i , the transfer matrix
Z
T is computed as the product of the discontinuity matrices and the propagation
matrices of the different frontiers and layers of the medium. We take into consideration both an input medium in
and an output medium , both exterior to the multilayered medium, which introduce additional discontinuity
matrices  and ,
out
in ,1D n ,ou tD T has the form
n,out n n 1,n n 1 n 2,n 1 2 2,1 1 in ,1
n 1
n,out n j n j 1,n j in,1
j 0
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All the parameters characterizing this medium are arranged as vectors Z  j jZ , a  and c j ja  j jc ,
j 1,2 ,...,n . The multilayered medium will be fully described by the vector X=X(Z,a,c) l lX l 1 2 3n, , , ...,  ,
formed by the concatenation of the three vectors given above. It follows that the transfer matrix is a function of the
parameters of the multilayered medium:    l lT T X T X  and also depends on the angular frequency Z .
2.3. Computational results
The SA algorithm can be used to generate a filter structure X  whose transfer function
     out inF A AZ Z  Z matches the function  F Z  of the target filter. By working with the relative wave 
amplitudes we can consider in  for all values of A 1Z  Z  and if the medium of interest is placed between two
semiinfinite media, we also take  out . The absolute value  outA Z  ideally matches the target filter  B 0Z  F Z .
To check the match of  outA Z  and  F Z , we define the cost function
   
N 2
k out k
k 1
C F AZ Z
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which will be used for numerical tests on  equidistant pointsN 1 2 NZ Z Z, , ..., . The cost function depends
essentially on the parameters of the medium: C=C(X )=C(X). In order to determine a close match A (Z) of the
ideal filter 
l out
F ( )Z , an optimal parameter vector  which minimises the cost function is searched for. The
parameters of interest take values in the following intervals:
X*
jZ 1 10;ª º¬ ¼ , ja 1 10;ª º¬ ¼ , ,jc  1000 5000;ª º¬ ¼
j 1 2 n, , ...,
0 000
 . Generally, a certain number of iterations of the simulated annealing have been run
( N 4 , iterations) until the search stopped. The final solution is the vector  we looked after.X
00 º n
F
1, 250 5
Z
Z
Z
 ­
 ®  ¯
n 10 
*
We considered five cases of target filters. In each case the angular frequency was taken in the interval
¼ . The number  of layers was fixed ahead for each filter. The graphs represent the computed filter
(thick line) alongside the optimal filter (thin line). The target filters used are:
0 5;Z  ª¬
1) The high-pass filter:
,  layers   0, 0 250
00
2) The high-pass filter:
,  0, 200 450F
1, 450 700
Z
Z
Z
 ­
 ®  ¯
n 10  layers 
3) The linear filter:
 F ,0 500
500
ZZ Z   , n 10  layers 
4) The linear filter:
  200F , 200 700
500
ZZ Z   , n 10  layers 
5) The low-pass filter: 
,  1, 0 250F
0, 250 500
Z
Z
Z
 ­
 ®  ¯
n 10  layers 
6) The Gauss filter:
   
2
2
250
F exp
2 50
Z
Z
§ ·¨ ¸
¸
 
¨ © ¹
n 20,   layers. 
Fig.1 High-pass filter, 5000 Z Fig.2  High-pass filter, 200 700Z 
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Fig.3 Linear filter, 5000 Z Fig.4  Linear filter, 700200 Z
Fig.5  Low-pass filter, 5000 Z Fig.6  Gauss filter, 5000 Z
2.4. Experimental analysis
We designed an acoustic filter consisting of alternate cylinders of carbon steel and aluminum with the same
diameter . The longitudinal sound velocity in the materials was determined by the resonance method
and the  bulk density was obtained by weighting. The whole structure was built by adhesion with very thin layers of 
epoxy-metal glue between the metal cylinders. We determined the optimal arrangement as well as the lengths of the
alternate cylinders of carbon steel and aluminum which fit a low-pass acoustic filter, with the cutoff frequency
14350 Hz. In Figure 7 it is illustrated the designed filter by SA and the spatial arrangement of the material
components.
24.8D  mm
Fig.7  The optimum and the obtained low pass filters; the physical 
characteristics of the sequence of consecutive cylinders.
Fig.8  Geometrical arrangement of the stratified low-pass acoustic 
filter
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According to the computational results the spatial arrangement and the length of the cylinders is illustrated in
Figure 8. 
The acoustic behavior was tested by two methods: pulse injection analysis and direct measurements [4].
The experimental setup for the pulse injection analysis consists of a miniature impact hammer Type 8204 B&K
(22,7mV/N), a miniature DeltaTron accelerometer Type 4517-002 B&K (1.008 mV/m s-2, 1-20 KHz), placed at the
end of the designed acoustic filter, a sensor signal conditioner PCB Piezotronics Model 481 and an external
acquisition board NI DAQPad 6015 connected to the computer. The experimental data were analyzed using
ORIGIN or LabView. To distinguish the acoustic filter behavior of the designed sample, the same measurements
were made on a sample consisting of a homogeneous aluminum bar with the same length as the designed acoustic
filter. The experimental measurements and the processed data are illustrated in Figures 9 and 10.
Fig.9  The Fourier components of the output signal of  the designed 
acoustic filter 
Fig.10  The Fourier components of the output signal of  the aluminum
bar
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